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Abstract
The paper concerns area preserving homeomorphisms of surfaces that are isotopic to
the identity. The purpose of the paper is to find a maximal isotopy such that we can give a
fine description of the dynamics of its transverse foliation. We will define a sort of identity
isotopies: torsion-low isotopies. In particular, when f is a diffeomorphism with finitely
many fixed points such that every fixed point is not degenerate, an identity isotopy I of
f is torsion-low if and only if for every point z fixed along the isotopy, the (real) rotation
number ρ(I, z) (which is well defined when one blows up f at z) is contained in (−1, 1).
We will prove the existence of torsion-low maximal isotopies, and will deduce the local
dynamics of the transverse foliations of any torsion-low maximal isotopy near any isolated
singularity.
Keywords. Surface homeomorphism, Transverse foliation, Maximal isotopy, Rotation num-
ber, Local rotation set.
1 Introduction and definitions
In this article, we will study maximal isotopies and transverse foliations for homeomorphisms
of oriented surfaces. The objects are fruitful tools in the study of homeomorphisms of surfaces.
For example, one can prove the existence of periodic orbits in several cases [10], [11], [21];
one can give precise descriptions of the dynamics of some homeomorphisms of the plane [15],
of the annulus [17], of the torus T2 [2], [3], [8],[9], and also of the general compact oriented
surface [13]; . . . .
More precisely, an identity isotopy I of a surface homeomorphism f is a continuous family
of homeomorphisms (ft)t∈[0,1] with f0 = Id and f1 = f , and a maximal isotopy is an identity
isotopy I = (ft)t∈[0,1] of f such that f does not have any fixed point whose trajectory along
I is contractible in M \ Fix(I), where Fix(I) = ∩t∈[0,1]Fix(ft) is the fixed points set of I. To
such an isotopy, one can associate transverse foliations [10], i.e. oriented singular foliations F
whose singular points set coincides with the fixed points set of I, such that the trajectory of
each point z /∈ Fix(I) is homotopic (relatively to the end points) to a path that is positively
transverse to the foliation (that means the path locally crosses every leaf from the left to
the right). The dynamics of the maximal isotopy and the transverse foliation are “dual” to
each other. One example is the isotopy defined by the flow induced by a vector field X,
and the foliation whose leaves are the integral curves of a vector field Y transverse to X. In
∗jyan@scu.edu.cn
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particular, we suppress X a Hamiltonian vector field and Y the gradient vector field of the
Hamiltonian function, so we can view the maximal isotopy and the transverse foliation as a
kind of generalizations of the Hamiltonian flow and a gradient flow. Indeed, if f is defined by
a (time dependent) Hamiltonian isotopy and I is a maximal isotopy, then one can prove that
the dynamics of a transverse foliation look like the dynamics of a gradient flow [10].
A maximal isotopy always exists [1], but is not unique. A natural question is whether
there exist maximal isotopies “better” than the others. In the example of last paragraph, the
index of the foliation at each isolated singular point coincides with the Lefschetz index of the
homeomorphism at the same point. Is there a class of maximal isotopies with this property
in more general cases? (We will see that the torsion-low maximal isotopies in this article keep
this property.)
Another observation is the following: among all the maximal isotopies, there may exist
some maximal isotopies that fix more points than the others. So we want to find some
criteria for maximal isotopies to fix more points. When f : M → M is an area preserving
diffeomorphism, we have a criterion based on the blow-up rotation number. More precisely, at
each fixed point z0 of I, we can give a natural blow-up at z0 by replacing z0 with the unit circle
of the tangent space Uz0M . The extension of f to this circle can be induced by the derivative
Df(z0). We can define a blow-up rotation number ρ(I, z0) ∈ R, which is a representative
of the Poincare´’s rotation number of the homeomorphism on the circle added (see Section
2.3). Moreover, if there exists a fixed point z0 ∈ Fix(I) such that |ρ(I, z0)| > 1 and that
the connected component M0 of M \ (Fix(I) \ {z0}) containing z0 is not homeomorphic to a
sphere or a plane, then we can find another fixed point of f that is not a fixed point of I as
a corollary of a generalized version of Poincare´-Birkhoff theorem. Let us explain briefly the
reason: in this case, z0 is isolated in Fix(I). We consider the universal cover pi : M˜ → M0
and the lift f˜ of f |M0 to M˜ that fixes every point in pi−1{z0}. Fix z˜0 ∈ pi−1(z0) and consider
the blow-up of f˜ at z˜0. One gets a homeomorphism of the annulus (M˜ \ {z˜0}) unionsq Uz0M˜ . By
a generalized version of Poincare´-Birkhoff theorem, this homeomorphism has a fixed point z˜
such that pi(z˜) is a fixed point of f but is not a fixed point of I. Moreover, if Fix(I) is finite,
by a technical discussion, one can prove the existence of another maximal isotopy that fixes
Fix(I) \ {z0} and has no less (probably more) fixed points than I (see Section 5). Then, it is
reasonable to think that a maximal isotopy I such that
−1 ≤ ρ(I, z) ≤ 1 for all z ∈ Fix(I),
fixes more fixed points than a usual one1. In this article, we will see that torsion-low maximal
isotopies satisfy the inequalities.
Now, we will define torsion-low maximal isotopies and give an exact description about
what we will do in this article.
Let M be a connected and oriented surface. We write f : (W, z0) → (W ′, z0) for an
orientation preserving homeomorphism between two neighborhoods W and W ′ of z0 ∈ M
such that f(z0) = z0. Such a local homeomorphism f is called an orientation preserving
local homeomorphism at z0. A local isotopy I of f is a continuous family of local homeomor-
phisms (ft)t∈[0,1] fixing z0 (see p.146 of [12] for a more precise definition). We say that z is
a contractible fixed point of f associated to the local isotopy I if the trajectory t 7→ ft(z)
of z along I is a loop homotopic to zero in W \ {z0}. Let F be a singular oriented foliation
on M . We say that F is locally transverse to a local isotopy I = (ft)t∈[0,1] at z0, if there
1For a generic diffeomorphism (all the fixed points are non degenerate), both inequations can be strict.
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exists a neighborhood U0 of z0 such that F|U0 has exactly one singularity z0, and if for every
sufficiently small neighborhood U of z0, there exists a neighborhood V ⊂ U of z0 such that
for all z ∈ V \ {z0}, the trajectory t 7→ ft(z) of z along I is homotopic (relatively to the end
points) in U \ {z0} to a path that is positively transverse to F .
Let f : (W, z0) → (W ′, z0) be an orientation preserving local homeomorphism at z0. We
will generalize the definitions of “positive type” and “negative type” by Shigenori Matsumoto
[16]. We say that I has a positive (resp. negative or zero) rotation type at z0 if there exists a
foliation F locally transverse to I such that z0 is a sink (resp. source or saddle) of F 2. Two
local isotopies I and I ′ have the same rotation type if they are locally homotopic. Moreover,
when f is area preserving and z0 is an isolated fixed point, we can prove that a local isotopy
of f has exactly one of the previous rotation types (see Section 3.1).
Recall that pi1(homeo0(R2, 0)) ∼= Z, where homeo0(R2, 0) is the space of homeomorphisms
of R2 fixing 0 and isotopic to the identity (see [18] or [5]). So, we can define a preorder on
the set of all local isotopies of f such that I . I ′ if and only if there exists k ≥ 0 such that I ′
is locally homotopic to Jkz0I, where Jz0 = (R2pit)t∈[0,1] is the local isotopy of the identity and
each R2pit is the counter-clockwise rotation through an angle 2pit about the center z0.
Definition 1. We say that a local isotopy I of an orientation and area preserving local
homeomorphism f at an isolated fixed point is torsion-low if
- every local isotopy I ′ > I has a positive rotation type;
- every local isotopy I ′ < I has a negative rotation type.
We can show that such a local isotopy always exists. Formally, we have the following
result:
Proposition 1.1. Let f : (W, z0) → (W ′, z0) be an orientation and area preserving local
homeomorphism with an isolated fixed point z0. Then,
- a local isotopy of f has exactly one of the three kinds of rotation types;
- there exists a local isotopy I0 that is torsion-low at z0. Moreover, I0 has a zero rotation
type if the Lefschetz index i(f, z0) is different from 1, and has either a positive or a
negative rotation type if the Lefschetz index i(f, z0) is equal to 1.
When z0 is a non-isolated fixed point of a local homeomorphism f : (W, z0) → (W ′, z0),
one may fail to find a locally transverse foliation F for a local isotopy I of f at z0. Still, we
get the following proposition that generalize Proposition 1.1.
Proposition 1.2. Let f : (W, z0) → (W ′, z0) be an orientation and area preserving local
homeomorphism with a non-isolated fixed point z0, and I a local isotopy of f . Then, exactly
one of the following three situations occurs:
i) z0 is accumulated by contractible fixed points of f associated to I,
ii) I has a positive rotation type,
iii) I has a negative rotation type.
Moreover,
2The precise definition of a sink, a source and a saddle will be given in Section 2.2.
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- if I has a positive (resp. negative) rotation type, every local isotopy I ′ > I (resp. I ′ < I)
has a positive (resp. negative) rotation type;
- if z0 is accumulated by contractible fixed points of f associated to I, for every local
isotopy I ′ > I, either situation i) or situation ii) occur, and for every local isotopy
I ′ < I, either situation i) or situation iii) occur.
We will generalize the definition of torsion-low isotopy as follows:
Definition 2. We say that a local isotopy I of an orientation and area preserving local
homeomorphism f at z0 is torsion-low if
- for every local isotopy I ′ > I, either I ′ has a positive rotation type, or z0 is accumulated
by contractible fixed points of f associated to I ′;
- for every local isotopy I ′ < I, either I ′ has a negative rotation type, or z0 is accumulated
by contractible fixed points of f associated to I ′.
Remark 1.3. When z0 is an isolated fixed point, the definition coincides with Definition 1.
Remark 1.4. If z0 is accumulated by contractible fixed points of f associated to I, then I,
Jz0I, J
−1
z0 I are torsion-low, where Jz0 = (R2pit)t∈[0,1] is the local isotopy of the identity and
each R2pit is the counter-clockwise rotation through an angle 2pit about the center z0.
When f is a diffeomorphism fixing z0, and I is a local isotopy of f , we can blow-up f
at z0 and define the blow up rotation number ρ(I, z0). We say that z0 is a degenerate fixed
point of f if 1 is an eigenvalue of Df(z0). When f is a homeomorphism, one may fail to find
a blow-up at z0, and cannot define a rotation “number”. However, we can generalize it and
define a local rotation set ρs(I, z0) which was introduced by Le Roux [15] and will be recalled
in Section 2.4. A torsion-low local isotopy has the following properties:
Proposition 1.5. Let f : (W, z0) → (W ′, z0) be an orientation and area preserving homeo-
morphism, and I a torsion-low local isotopy of f . Then,
ρs(I, z0) ∩ [−1, 1] 6= ∅.
In particular, if z0 is an isolated fixed point of f ,
ρs(I, z0) ⊂ [−1, 1].
If f can be blown up at z0, the rotation set is reduced to a single point in [−1, 1]. Moreover,
if f is a diffeomorphism in a neighborhood of z0, the blow-up rotation number satisfies
−1 ≤ ρ(I, z0) ≤ 1,
and the inequalities are both strict when z0 is not degenerate.
When z0 is a non-isolated fixed point, one may fail to find a torsion-low local isotopy in
some particular cases. In fact, there exists an orientation and area preserving local homeo-
morphism whose local rotation set is reduced to ∞, and hence by Proposition 1.5 there does
not exist any torsion-low isotopy of this local homeomorphism (see Example 1).
However, when f is an area preserving homeomorphism of M that is isotopic to the
identity, we can find a maximal isotopy I of f that is torsion-low (as a local isotopy) at every
fixed point of I. We will call such an isotopy a torsion-low maximal isotopy, and will prove the
existence of a torsion-low maximal isotopy, which is the main result of this article, in Section
5. More precisely, we have the following definition and theorem.
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Definition 3. An identity isotopy of f is torsion-low if it is torsion-low as a local isotopy at
each of its fixed points.
Theorem 1.6. Let f be an area preserving homeomorphism of M that is isotopic to the
identity. Then, there exists a torsion-low maximal isotopy I of f .
Remark 1.7. The area preserving condition is necessary for the result of this theorem. Even
if f has only finitely many fixed points and is area preserving near each fixed point, one may
still fail to find a maximal isotopy I that is torsion-low at every z ∈ Fix(I) (see Example 2).
A torsion-low maximal isotopy gives more information than a usual one. We have the
following three results related to the questions at the beginning of this section. The first one
will be proved in Section 4.2, the second will be proved in the end of Section 5, and the third
one is an immediately corollary of Proposition 1.5 and Theorem 1.6.
Proposition 1.8. Let f be an area preserving homeomorphism of M that is isotopic to the
identity, I a maximal isotopy of f that is torsion-low at z ∈ Fix(I), and F a transverse
foliation of I. If z is an isolated singularity of F , then we have the following results:
- if z is an isolated fixed point of f such that the Lefschetz index i(f, z) 6= 1, then z is a
saddle of F and i(F , z) = i(f, z);
- if z is an isolated fixed point of f such that the Lefschetz index i(f, z) = 1, or if z is not
isolated in Fix(f), then z is a sink or a source of F .
Proposition 1.9. Let f be an area preserving homeomorphism of M that is isotopic to the
identity and has finitely many fixed points. Let
n = max{#Fix(I) : I is an identity isotopy of f}.
Then there exists a torsion-low maximal isotopy of f with n fixed points.
Proposition 1.10. Let f be an area preserving diffeomorphism of M that is isotopic to the
identity. Then, there exists a maximal isotopy I of f , such that for all z ∈ Fix(I),
−1 ≤ ρ(I, z) ≤ 1.
Moreover, both inequalities are strict when z is not degenerate.
Remark 1.11. One may fail to get the strict inequalities without the assumption of non-
degeneracy (see Example 3).
Now we give an organization of this article: In Section 2, we will recall some definitions
and known results that will be essential in the proofs of our results. In Section 3, we will
study the local rotation types for the isotopy of an orientation and area preserving local
homeomorphism, and will prove Proposition 1.1 and Proposition 1.2. In Section 4, we will
first study the local rotation set of a torsion-low local isotopy and prove Proposition 1.5, then
we study the local dynamics of the locally transverse foliation of a torsion-low local isotopy
and prove Proposition 1.8. In Section 5, we will prove the existence of a torsion-low maximal
isotopy (Theorem 1.6) and will prove Proposition 1.9. In Section 6, we will give some explicit
examples to show the optimality of our results. In Appendix A, we will give a way to blow up
the homeomorphism and get the blow-up rotation number, which will be used in our proof
of the main result. In Appendix B, we will introduce a way to construct maximal isotopies
and transverse foliations by generating functions, which will be used in the constructing of
our examples.
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2 Preliminaries
2.1 Unlinked sets and maximal isotopies
In this section, we will recall some results about the isotopies of surface homeomorphisms due
to Jaulent [6] and Be´guin, Crovisier and Le Roux [1].
Let f be a homeomorphism of an oriented and connected surface M that is isotopic to
the identity. We say that an identity isotopy I = (ft)t∈[0,1] of f is an isotopy relatively to X
if ft(x) ≡ x for all x ∈ X and t ∈ [0, 1]. We say that f is isotopic to the identity relatively to
X if there exists an identity isotopy of f relatively to X. We say that a subset X ⊂ Fix(f)
is unlinked if f is isotopic to the identity relatively to X.
We denote by (X, I) the couple that consists of an unlinked closed subset X ⊂ Fix(f) and
an identity isotopy I = (ft)t∈[0,1] of f relatively to X. Let I be the set of such couples with
the following preorder: (X, I) - (Y, I ′), if
i) X ⊂ Y ⊂ Fix(f) are unlinked,
ii) for every z ∈M \X, its trajectories along I ′ and I are homotopic in M \X.
The preorder - is well defined. Moreover, if (X, I) - (Y, I ′) and (Y, I ′) - (X, I), then one
has X = Y and the trajectories of each z ∈M \X along I and I ′ are homotopic in M \X. In
this case, we write (X, I) ∼ (Y, I ′), where ∼ is an equivalence relation. We should note the
following facts:
- if (X, I) ∼ (X, I ′), then for any connected component M0 of M \ X, the lifts of f |M0
to the universal covering space obtained by lifting the restricted isotopies respectively
coincide.
- if M \X is not homeomorphic to an annulus or to a torus, two couples (X, I) and (X, I ′)
are always equivalent (see [6, Remark 1.6] or [1, Section 2.3]).
We call (Y, I ′) ∈ I an extension of (X, I) if (X, I) - (Y, I ′); we call I ′ an extension
of (X, I) ∈ I if (X, I) - (Fix(I ′), I ′); we call I ′ an extension of I if I ′ is an extension of
(Fix(I), I). We say that I ′ is a maximal extension if (Fix(I ′), I ′) is maximal in (I,-).
We call a fixed point z of f a contractible fixed point associated to I, if the trajectory of
z along I is homotopic to zero in M . By [1, Lemma A.8], we have the following result:
Proposition 2.1. Let (X, I) ∈ I. If f |M\X has a contractible fixed point z associated to
I|M\X , then there exists (X ∪ {z}, I ′) ∈ I such that (X, I) - (X ∪ {z}, I ′). In particular, if
(X, I) is maximal in (I,-), f |M\X has no contractible fixed point associated to IM\X .
We have the following result from [1, Theorem 1 and Corollary 2.9].
Proposition 2.2. If {(Xα, Iα)}α∈J is a totally ordered chain in (I,-), then there exists
(X∞, I∞) ∈ I that is an upper bound of the this chain, where X∞ = ∪α∈JXα
Also, we need the following two results.
Proposition 2.3. ([1, Corollary 1.3]) For every (X, I) ∈ I, there exists a maximal element
(X ′, I ′) ∈ I such that (X, I) - (X ′, I ′).
Proposition 2.4. ([1, Corollary 1.1]) If f is an orientation preserving homeomorphism of
the plane, and if X ⊂ Fix(f) is a connected and closed subset, then there exists an identity
isotopy I of f such that X ⊂ Fix(I).
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2.2 Local dynamics of transverse foliations
Let f : (W, z0)→ (W ′, z0) be an orientation preserving local homeomorphism at z0, I a local
isotopy of f , and F a locally transverse foliation of I. In this section, we will describe the
local properties of F near z0.
We call z0 a sink (resp. a source) if there is a homeomorphism h : U → D which sends
z0 to 0 and sends the restricted foliation F|U\{z0} to the radial foliation of D \ {0} with the
leaves toward (resp. backward) 0, where U is a neighborhood of z0 and D is the unit disk. A
petal of F is a closed topological disk whose boundary is the union of a leaf and a singularity.
Let F0 be the foliation on R2 \ {0} whose leaves are the horizontal lines except the x−axis
which is cut into two leaves. Let S0 = {y ≥ 0 : x2 + y2 ≤ 1} be the half-disk. We call a closed
topological disk S a hyperbolic sector if there exist
- a closed set K ⊂ S such that K ∩ ∂S is reduced to a singularity z0 and K \ {z0} is the
union of the leaves of F that are contained in S,
- a continuous map φ : S → S0 that maps K to 0 and the leaves of F|S\K to the leaves
of F0|S0 .
(a) the hyperbolic sector
model S0
(b) a pure hyperbolic sector (c) a strange hyperbolic sec-
tor
Figure 1: The hyperbolic sectors
The index i(F , z0) of F is well defined (see p.150 of [12] for the precise definition). Due to Le
Roux, we have the following proposition (see [15, Appendix B]):
Proposition 2.5. We have one of the following cases:
i) (sink or source) there exists a neighborhood of z0 that contains neither a closed leaf, nor
a petal, nor a hyperbolic sector;
ii) (cycle) every neighborhood of z0 contains a closed leaf;
iii) (petal) every small neighborhood of z0 contains a petal, and does not contain any hyper-
bolic sector;
iv) (saddle) every small neighborhood of z0 contains a hyperbolic sector, and does not con-
tain any petal;
v) (mixed) every neighborhood of z0 contains both a petal and a hyperbolic sector.
Moreover, i(F , z0) is equal to 1 in the first two cases, is strictly larger than 1 in the petal case,
and is strictly smaller than 1 in the saddle case.
Remark 2.6. In particular, when f is area preserving, z0 is a sink, or a source, or a saddle
of F .
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Remark 2.7. Note that for a maximal isotopy I and a transverse foliation F with an isolated
singularity z0, if we view I as a local isotopy at z0, then F is also locally transverse to I except
in the case where F does not have any other singularity and M \ {z0} is homeomorphic to
R2 ([12, Proposition 3.4]). In particular, if the homeomorphism is area preserving, then F
is locally transverse to I at every isolated singularity, and we can give a classification of the
isolated singularities of F .
Furthermore, when z0 is an isolated fixed point of f , we have the following proposition.
The first part of case i) is a direct corollary [12, Proposition 1.1 and Proposition 3.3] (or see
[15, Theorem 4.1]), the second part of case i) is just Proposition 3.7 of [12], and the case ii)
is a direct corollary of [12, Remark 1.2 and Proposition 3.3].
Proposition 2.8. Let f : (W, z0) → (W ′, z0) be an orientation preserving local homeomor-
phism at an isolated fixed point z0.
i) When the Lefschez index i(f, z0) 6= 1, there exists a local isotopy I0 of f such that for
all locally transverse foliations F0 of I0, i(F0, z0) = i(f, z0) 6= 1.
Moreover, for any local isotopy I of f and any locally transverse foliation F of I, we
have
- i(F , z0) = i(F0, z0), if I ∼ I0;
- z0 is a sink of F , if I > I0;
- z0 is a source of F , if I < I0.
ii) When the Lefschez index i(f, z0) = 1, for all local isotopy I of f and all locally transverse
foliation F of I, we have i(F , z0) = i(f, z0) = 1.
2.3 The blow-up at a fixed point
Let f : (W, z0)→ (W ′, z0) be an orientation preserving local homeomorphism. We say that f
can be blown up at z0, if we can replace z0 by a unit circle S
1 and extend f |W\{z0} continuously
to a homeomorphism between W \ {z0} unionsq S1 and W ′ \ {z0} unionsq S1. In particular, when f is a
diffeomorphism, the extension can be induced by the map
v 7→ Df(z0)v‖Df(z0)v‖
on the space of unit tangent vectors.
Suppose that f can be blown up at z0, and that f is not conjugate to a contraction or an
expansion. Let us denote by h the extension of f on S1. Let I = (ft)t∈[0,1] be a local isotopy of
f . We choose a small disk D containing z0 and consider the universal cover pi : D˜ → D \{z0}.
Let (f˜t)t∈[0,1] be the lift of (ft)t∈[0,1] such that f˜0 is equal to the identity in its domain of
definition. Let h˜ be the lift of h to R that is a continuous extension of f˜1. We define the
blow-up rotation number ρ(I, z0) ∈ R to the rotation number of h associated to the lift h˜.
Jean-Marc Gambaudo, Le Calvez, and Elisabeth Pe´cou [4] proved that the blow-up rotation
numbers do not depend on the choice of h, which generalizes a previous result of Na˘ıshul′ [20].
Le Roux [15] studied several cases where f can be blown up. We will need the following
one in this article:
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Proposition 2.9. If there exists a locally transverse foliation F of I that has a leaf γ+ from
z0 and a leaf γ
− toward z0, then f can be blown up at z0. Moreover, under the further
assumption that f is not conjugate to a contraction or an expansion, the blow-up rotation
number ρ(I, z0) is equal to 0.
Remark 2.10. In particular, we are in this case if z0 is a petal, a saddle or a mixed singularity
of F .
2.4 The local rotation set
In this section, we recall the definition of the local rotation set by Le Roux and describe some
of its properties. More details can be found in [15].
Let f : (W, 0) → (W ′, 0) be an orientation preserving local homeomorphism at 0 ∈ R2,
and I = (ft)t∈[0,1] be a local isotopy of f . Given two neighborhoods V ⊂ U of 0 and an integer
n ≥ 1, we define
E(U, V, n) = {z ∈ U : z /∈ V, fn(z) /∈ V, f i(z) ∈ U for all 1 ≤ i ≤ n}.
We define the rotation set of I relative to U and V by
ρU,V (I) = ∩m≥1∪n≥m{ρn(z) : z ∈ E(U, V, n)} ⊂ [−∞,∞],
where ρn(z) is the average change of angular coordinate along the trajectory of z during n
iterates. We define the local rotation set of I to be
ρs(I, 0) = ∩U∪V ρU,V (I) ⊂ [−∞,∞],
where V ⊂ U ⊂W are neighborhoods of 0.
More generally, when f : (W, z0)→ (W ′, z0) is an orientation preserving local homeomor-
phism at z0, we can define the local rotation set by conjugating f to an orientation preserving
local homeomorphism at 0 ∈ R2.
The local rotation set can be empty. However, Le Roux (see [14] or [15, Theorem 2.4])
proved that the local rotation set is not empty unless the local homeomorphism is conjugate
to one of the following maps:
- the contraction z 7→ z2 ,
- the expansion z 7→ 2z,
- a holomorphic function z 7→ ei2pi pq z(1 + zqr) with q, r ∈ N+ and p ∈ Z.
In particular, when f is area preserving, none of the obove three cases occurs and the local
rotation set is not empty.
We say that z is a contractible fixed point of f associated to the local isotopy I = (ft)t∈[0,1]
if the trajectory t 7→ ft(z) of z along I is a loop homotopic to zero in W \{z0}. We say that f
satisfies the local intersection condition, if there exists a neighborhood V of z0, such that for
any Jordan domain D ⊂ V containing z0, f(∂D) ∩ ∂D 6= ∅. Note that if f satisfies the local
intersection condition, then so does fn (see [15, Lemma 3.5] for example). In particular, if
f is area preserving, then f satisfies the local intersection condition. For two isotopies (resp.
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local isotopies) I = (ft)t∈[0,1] and I ′ = (gt)t∈[0,1], we denote by I−1 the isotopy (resp. local
isotopy) (f−1t )t∈[0,1], by I ′I the isotopy (resp. local isotopy) (ϕt)t∈[0,1] such that
ϕt =
{
f2t for t ∈ [0, 12 ],
g2t−1 ◦ f for t ∈ [12 , 1],
and by In the isotopy (resp. local isotopy) I · · · I︸ ︷︷ ︸
n times
for every n ≥ 1. The local rotation set
satisfies the following properties:
Proposition 2.11. ([15]) Let f : (W, z0)→ (W ′, z0) be an orientation preserving local home-
omorphism, and I a local isotopy of f . One has the following results:
i) for all integer p, q, ρs(J
p
z0I
q, z0) = qρs(I, z0) + p, where Jz0 = (R2pit)t∈[0,1] is the local
isotopy of the identity and each R2pit is the counter-clockwise rotation through an angle
2pit about the center z0;
ii) if z0 is accumulated by contractible fixed points of f associated to I, then 0 ∈ ρs(I, z0);
iii) if f satisfies the local intersection condition and if 0 is an interior point of the convex
hull of ρs(I, z0), then z0 is accumulated by contractible fixed points of f associated to I;
iv) if I has a positive (resp. negative) rotation type, then ρs(I, z0) ⊂ [0,+∞] (resp. ρs(I, z0) ⊂
[−∞, 0]);
v) if ρs(I, z0) is a non-empty set that is contained in (0,+∞] (resp. [−∞, 0)), then I has
a positive (resp.negative) rotation type;
vi) if ρs(I, z0) is a non-empty set that is contained in [0,∞] (resp. [−∞, 0]) and is not
reduced to 0, and if z0 is not accumulated by contractible fixed points of f associated to
I, then I has a positive (resp. negative) rotation type;
vii) if f can be blown up at z0, and if ρs(I, z0) is not empty, then ρs(I, z0) is reduced to the
blow-up rotation number ρ(I, z0).
Remark 2.12. When f satisfies the local intersection condition, one can deduce that ρs(I, z0)
is a closed interval (⊂ [−∞,+∞]) as a corollary of the assertions i), ii), iii) of the proposition;
if we add the assumption that z0 is an isolated fixed point, then ρs(I, z0) is a closed subinterval
of [k, k + 1] for an integer k by the assertions i) and iii) of the proposition.
3 The local rotation type
3.1 The rotation type at an isolated fixed point
Let f : (W, z0) → (W ′, z0) be an orientation and area preserving local homeomorphism with
an isolated fixed point z0. In this section, we will detect the local rotation type of local
isotopies of f and prove Proposition 1.1.
Proof of Proposition 1.1. Let I be a local isotopy of f , and F a locally transverse foliation of
I. We will prove the proposition in two cases.
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i) Suppose that i(f, z0) 6= 1.
By the first part of case i) of Proposition 2.8, there exists a local isotopies I0 of f such
that for every locally transverse foliation F0 of I0, i(F0, z0) = i(f, z0) 6= 1, and hence z0
is a saddle of F0 (see Proposition 2.5 and Remark 2.6). By the second part of case i) of
Proposition 2.8,
- if I ∼ I0, then i(F , z0) = i(F0, z0) 6= 1, and hence z0 is a saddle of F ;
- if I > I0, then z0 is a sink of F ;
- if I < I0, then z0 is a source of F .
Therefore, for a local isotopy I at 0, it has a zero rotation type if it is in the homotopy
class of I0; it has a positive rotation type if I > I0; and it has a negative rotation type
if I < I0. Both statements of Proposition 1.1 are proven.
ii) Suppose that i(f, z0) = 1.
By the case ii) of Proposition 2.8, we have i(F , z0) = 1. By Proposition 2.5 and Remark
2.6, z0 is a sink or a source of F . For any locally transverse foliation F ′ of I, Matsumoto
[16] proved in fact that z0 is a sink (resp. source) of F ′ if it is a sink (resp. source) of
F . So, a local isotopy I of f has either a positive or a negative rotation type, and has
exactly one of the two rotation types. We have proven the first statement of Proposition
1.1.
Since f is area preserving, ρs(I, 0) is not empty. Moreover, since z0 is an isolated fixed
point, we know by Remark 2.12 that there exists k ∈ Z such that ρs(I, 0) ⊂ [k, k + 1].
By the assertion i) of Proposition 2.11, there exists a local isotopy I0 of f such that
ρs(I0, 0) is a nonempty subset of [0, 1] and is not reduced to 1. Then, as a corollary of
the assertions i), v) and vi) of Proposition 2.11, we know that
- I has a positive rotation type if I > I0,
- I has a negative rotation type if I < I0.
Therefore, I0 is torsion-low at z0. Recall that I0 has either a positive or a negative
rotation type. We have proven the second statement of Proposition 1.1.
3.2 The local rotation type at a non-isolated fixed point
Let f : (W, z0)→ (W ′, z0) be an orientation and area preserving local homeomorphism with a
non-isolated fixed point z0. We will prove Proposition 1.2 as a corollary of Proposition 2.11.
Proof of Proposition 1.2. If I has a positive rotation type, there exists a foliation that is
locally transverse to I such that z0 is a sink of F . For any fixed point z of f in a sufficient
small neighborhood of z0, the trajectory of z along I is homotopic to a path that is locally
transverse to F , and hence is not contractible in W \ {z0}. So, z0 is not accumulated by
contractible fixed points of f associated to I. Moreover, since z0 is accumulated by fixed
points of f , there exists a sequence {zn}n of fixed points of f that tends to z0. For each n,
the trajectory of zn along I is homotopic to a path that is locally transverse to F , and hence
the linking number L(I, zn, z0), that is the index of the trajectory of zn along I relatively to
z0, is positive. By the definition of the local rotation set, ρs(I, z0) contains the limit points
of {L(I, zn, z0) : n ∈ N} as a subset of [−∞,+∞], so ρs(I, z0) contains a positive integer or
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+∞. By iv) of Proposition 2.11, ρs(I, z0) ⊂ [0,+∞]. So, ρs(I, z0) is a subset of [0,+∞] that
contains a positive integer or +∞.
Similarly, if I has a negative rotation type, then z0 is not accumulated by contractible
fixed points of f associated to I, and ρs(I, z0) is a subset of [−∞, 0] that contains a negative
integer or −∞. So, I can not have both a positive and a negative rotation type.
We will finish the proof of the first assert of the proposition by the following argument.
If z0 is not accumulated by contractible fixed points of f associated to I, there is a foliation
F that is locally transverse to I. By Remark 2.6, z0 is a sink, or a source, or a saddle of F .
The case z0 is a saddle of F cannot occur, because in this case, there is no fixed point of f in
sufficiently small neighborhood of z0. Now, we know that z0 is a sink, or a source of F , and
hence I has a positive or a negative rotation type.
If I has a positive rotation type, ρs(I, z0) is a subset of [0,+∞] that contains a positive
integer or +∞. For any local isotopy I ′ > I, by i) of Proposition 2.11, there exists a positive
integer k such that ρs(I
′, z0) ⊂ [k,+∞] is a non-empty set. By v) of Proposition 2.11, I ′ has
a positive rotation type.
Similarly, we can prove if I has a negative rotation type, every local isotopy I ′ < I has a
negative rotation type.
If z0 is accumulated by contractible fixed points of f associated to I, by assertion ii)
of Proposition 2.11, 0 ∈ ρs(I, z0). For any local isotopy I ′ > I, by i) of Proposition 2.11,
ρs(I
′, z0) contains a positive integer. So, either z0 is accumulated by contractible fixed points
of f associated to I ′, or by iii) and vi) of Proposition 2.11, I ′ has a positive rotation type.
Similarly, for any local isotopy I ′ < I, either situation i) or iii) of Proposition 1.2 occurs.
4 The properties of a torsion-low local isotopy
4.1 The local rotation set of a torsion-low local isotopy
Let f : (W, z0) → (W ′, z0) be an orientation and area preserving local homeomorphism and
I a torsion-low local isotopy of f . In this section, we will study the local rotation set of a
torsion-low isotopy and prove Proposition 1.5.
Proof of Proposition 1.5. The first two statements are just a corollary of the definition of the
torsion-low property and the assertions i), ii), iv) of Proposition 2.11.
Suppose now that f can be blown up at z0. Since f is area preserving, ρs(I, z0) is not
empty. So, using the assertion vii) of Proposition 2.11, one deduces that ρs(I, z0) is reduced
to a single point in [−1, 1].
Suppose now that f is a diffeomorphism in a neighborhood of z0. The first part of the
fourth statement is just a special case of the third statement.
To conclude, let us prove the last part of the fourth statement. To simplify the notations,
we suppose that z0 = 0 ∈ R2. Since f is area preserving, Df(0) can not have two real
eigenvalues such that the absolute values of both eigenvalues are strictly smaller (resp. larger)
than 1. Since 1 is not an eigenvalue of Df(0), one has to consider the following three cases:
- Df(0) do not have any real eigenvalue. In this case, ρ(I, 0) is not an integer.
- Df(0) has two real eigenvalues λ1 and λ2 such that λ1 < −1 < λ2 < 0. In this case,
ρ(I, 0) is equal to 12 or −12 .
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- Df(0) has two real eigenvalues λ1 and λ2 such that 0 < λ1 < 1 < λ2. In this case,
i(f, 0) = −1, and I has a zero rotation type at 0. By Proposition 2.9, ρ(I, 0) is equal to
0.
In any case, we obtain that ρ(I, 0) belongs to (−1, 1).
4.2 Local dynamics of the locally transverse foliation of a torsion-low local
isotopy
Let f : (W, z0) → (W ′, z0) be an orientation and area preserving local homeomorphism, I
a torsion-low local isotopy, and F a locally transverse foliation of I. Here, z0 could be an
isolated or a non-isolated fixed point of f , but it is an isolated singularity of F by definition
of locally transverse foliation. In this section, we will give a discription of the local dynamics
of F . Formally, we will prove the following result, which immediately implies Proposition 1.8.
Proposition 4.1. Under the previous assumptions,
- If z0 is an isolated fixed point of f such that i(f, z0) 6= 1, then z0 is a saddle of F and
i(F , z0) = i(f, z0).
- If z0 is an isolated fixed point such that i(f, z0) = 1 or if z0 is not isolated in Fix(f),
then z0 is a sink or a source of F .
Proof. One has to consider two cases: z0 is an isolated fixed point of f or not.
i) Suppose that z0 is an isolated fixed point of f . As a corollary of Proposition 1.1,
- z0 is a saddle of F if i(f, z0) 6= 1;
- z0 is a sink or a source of F if i(f, z0) = 1.
Moreover, in the first case, as in the first part of the proof of Proposition 1.1, we have
i(F , z0) = i(f, z0).
ii) Suppose that z0 is a non-isolated fixed point of f . By Proposition 1.2, I has a positive
or negative rotation type, so z0 is a sink or a source of F .
5 The existence of a torsion-low maximal isotopy
Let f be an area preserving homeomorphism of a connected oriented surface M that is isotopic
to the identity. The main aim of this section is to prove the existence of a torsion-low maximal
isotopy of f , i.e. Theorem 1.6.
When Fix(f) = ∅, the theorem is trivial. So we suppose that Fix(f) 6= ∅ in the following
part of this section. Recall that I is the set of couples (X, I) that consists of a closed unlinked
subset X ⊂ Fix(f) and an isotopy I from the identity to f relatively to X. We denote by I0
the set of (X, I) ∈ I such that I is torsion-low at every z ∈ X. Recall that - is the preorder
defined in Section 2.1. Then, Theorem 1.6 is just an immediate corollary of the following
theorem.
Theorem 5.1. Given (X, I) ∈ I0, there exists a maximal extension (X ′, I ′) of (X, I) that
belongs to I0.
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Remark 5.2. We will see that for every z ∈ X, I ′ and I are locally homotopic as local
isotopies at z, except in the case that M is a sphere and X is reduced to a point. In the case
that M is a sphere and X is reduced to one point, this is not necessary the case (see Example
4).
Remark 5.3. One may fail to find a torsion-low maximal isotopy I such that every z ∈ Fix(I)
that is not isolated in Fix(f) is also not isolated in Fix(I). We will give an example (Example
5) in Section 6. In particular, in this example, for every torsion-low maximal isotopy, there is
a point that is isolated in Fix(I) but is not isolated in Fix(f).
Remark 5.4. We also note the following fact which results immediately from the definition
of torsion-low property and Proposition 1.2:
If (Y, I) ∈ I and z ∈ Y is a point such that I is not torsion-low at z, then z is isolated in Y .
Now, we begin the proof of Theorem 5.1. It is a corollary of Zorn’s lemma and the following
Propositions 5.5-5.8. We will first deduce the theorem from the four propositions, then we
will prove the propositions one by one.
Proposition 5.5. If {(Xα, Iα)}α∈J is a totally ordered chain in I0, then there exists an upper
bound (X∞, I∞) ∈ I0 of this chain, where X∞ = ∪α∈JXα
Proposition 5.6. Consider a maximal (Y, I) ∈ I and z ∈ Y such that I is not torsion-low
at z. When the underlying surface M is a sphere, we suppose that Y \ {z} contains at least
two points; and when M is a plane, we suppose that Y \{z} is not empty. Then, there always
exists a maximal extension (Y ′, I ′) ∈ I of (Y \ {z}, I) and z′ ∈ Y ′ \ (Y \ {z}) such that I ′ is
torsion-low at z′.
Proposition 5.7. When M is a plane and f admits a fixed point, (X, I) ∈ I0 is not maximal
in (I0,-) if X = ∅.
Proposition 5.8. When M is a sphere, (X, I) ∈ I0 is not maximal in (I0,-) if #X ≤ 1.
Remark 5.9. Proposition 5.7 and 5.8 deal with two special cases. The first one is easy,
while the second one is more difficult. Indeed, to find an identity isotopy on a plane that is
torsion-low at one point, we do not need to study the dynamics at infinity; but to find an
identity isotopy on a sphere that is torsion-low at two points, we need to check the properties
of the isotopy near both points.
Proof of Theorem 5.1. Fix (X, I) ∈ I0. Let I∗ be the set of equivalent classes of the extensions
(X ′, I ′) ∈ I0 of (X, I). Then, the preorder - induces a partial order over I∗. To simplify
the notations, we still denote by - this partial order. By Proposition 5.5, (I∗,-) is a partial
ordered set satisfying the condition of Zorn’s lemma, so (I∗,-) contains at least one maximal
element. Choose one representative (X ′, I ′) of a maximal element of (I∗,-). It is an extension
of (X, I) and is maximal in (I0,-).
Using Propositions 5.6-5.8, we will prove by contradiction that a maximal couple (X ′, I ′) ∈
(I0,-) is also maximal in (I,-). Suppose that there exists a couple (X ′, I ′) ∈ I0 that is
maximal in (I0,-) but is not maximal in (I,-). Fix a maximal extension (Y, I ′′) of (X ′, I ′)
in (I,-), and z ∈ Y \ X ′. Then, I ′′ is not torsion-low at z, and so z is isolated in Y (see
Remark 5.4). Write Y0 = Y \ {z}. When M is a sphere, by Proposition 5.8, Y0 ⊃ X ′ contains
at least 2 points; when M is a plane, by Proposition 5.7, Y0 ⊃ X ′ is not empty. By Proposition
5.6, there exist a maximal extension (Y ′, I ′′′) of (Y0, I ′′) and z′ ∈ Y ′, such that I ′′′ is torsion-
low at z′. Note that (Y ′, I ′′′) is also an extension of (X ′, I ′). Moreover, for every z′′ ∈ X ′,
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I ′ and I ′′′ are equivalent as local isotopies at z′′. So, (X ′ ∪ {z′}, I ′′′) ∈ I0 is an extension of
(X ′, I ′), which contradicts with the maximality of (X ′, I ′) in (I0,-).
Proof of Proposition 5.5. By Proposition 2.2, we know that there exists an upper bound
(X∞, I∞) ∈ I of the chain, where X∞ = ∪α∈JXα. We only need to prove that (X∞, I∞) ∈ I0.
Without loss of generality, we suppose that the chain {(Xα, Iα)}α∈J is strictly increasing.
When J is finite, the result is obvious. We suppose that J is infinite. Consider a point
z ∈ X∞. Either z is a limit point of X∞, or there exists α0 ∈ J such that z is an isolated
point of Xα for all α ∈ J satisfying (Xα0 , Iα0) - (Xα, Iα). In the first case, I∞ is torsion-low
at z (Remark 1.4); in the second case, by choosing suitable (Xα, Iα), we can suppose that
#Xα ≥ 2, then I∞ and Iα are equivalent as local isotopies at z. In both case, I∞ is torsion-low
at z.
Before proving Proposition 5.6, we give a sketch of our proof. For a maximal (Y, I) ∈ I
and z ∈ Y such that I is not torsion-low at z and that the assumptions of Proposition 5.6
are satisfied, we will find suitable maximal extension (Y ′, I ′) of (Y \ {z}, I). Either (Y ′, I ′)
is torsion-low at z′ ∈ Y ′ \ Y , or I ′ fixes more points that I (Lemma 5.10 and Lemma 5.11).
By induction, either there exists a maximal extension (Y ′, I ′) of (Y \ {z}, I) such that I ′ is
torsion-low at z′ ∈ Y ′ \ Y , or there exists a maximal extension (Y ′, I ′) of (Y \ {z}, I) such
that Y ′ \ Y contains infinitely many points (Lemma 5.12). In the second case, we will prove
that Y ′ has a limit point z′ ∈ Y ′ \ Y , and hence I ′ is torsion-low at z′.
Now, we will prove Lemma 5.10, 5.11 and 5.12 one by one, and then prove Proposition
5.6. We will use Lemma 5.10 and 5.11 when proving Lemma 5.12, and we will use Lemma
5.12 when proving Proposition 5.6.
Lemma 5.10. Let us suppose that (Y, I) is maximal in (I,-), that I is not torsion-low at
z ∈ Y , and that the connected component of M\(Y \{z}) containing z is neither homeomorphic
to a sphere nor to a plane. If for every maximal extension (Y ′, I ′) of (Y \ {z}, I) and every
point z′ ∈ Y ′ \ (Y \ {z}), I ′ is not torsion-low at z′, then there exists a maximal extension
(Y ′, I ′) ∈ I of (Y \ {z}, I) such that #(Y ′ \ (Y \ {z})) > 1.
We will first give the idea of the proof of Lemma 5.10. Under the assumptions, we prove
that there exists a fixed point z1 of f that is not fixed along I, and the trajectory of z1 along
I is contractible in M \ (Y \ {z}). So, there exist isotopies that fix Y \ {z} and z1. We choose
suitable z1, and consider a maximal extension (Y1, I1) of (Y \ {z}, I). We will prove either
Y1 \ Y contains at least two points, or I1 is torsion-low at z1.
Proof of Lemma 5.10. Fix a couple (Y, I) maximal in (I,-) and z0 ∈ Y satisfying the as-
sumptions of this lemma. By Remark 5.4, z0 is an isolated point of Y . Write Y0 = Y \ {z0}.
Then Y0 is a closed subset of M . Denote by MY0 the connected component of M \Y0 contain-
ing z0. By assumption, MY0 is neither homeomorphic to a sphere nor to a plane. Due to the
definition of the torsion-low property and Proposition 1.2, one has to consider the following
four cases:
i) z0 is an isolated fixed point of f and there exists a local isotopy I
′
z0 > I at z0 which
does not have a positive rotation type;
ii) z0 is not an isolated fixed point of f and there exists a local isotopy I
′
z0 > I at z0 which
has a negative rotation type;
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iii) z0 is an isolated fixed point of f and there exists a local isotopy I
′
z0 < I at z0 which
does not have a negative rotation type;
iv) z0 is not an isolated fixed point of f and there exists a local isotopy I
′
z0 < I at z0 which
has a positive rotation type.
We will study the first two cases, the other two can be treated in a similar way.
Let FY be a transverse foliation of I. In the case i), by Proposition 1.1, there exists a
local isotopy I0 at z0 that is torsion-low at z0, and we know that I < I
′
z0 . I0, so I has a
negative rotation type at z0; in the case ii), by Proposition 1.2, we know that I has a negative
rotation type at z0. In any case, z0 is a source of FY . We denote by W the repelling basin of
z0 for FY .
Let piY0 : M˜Y0 → MY0 be the universal cover, I˜ = (f˜t)t∈[0,1] be the identity isotopy that
lifts I|MY0 , f˜ = f˜1 be the induced lift of f |MY0 , and F˜ be the lift of FY |MY0 . Then, I˜ fixes
every point in pi−1Y0 {z0}, and every point in pi−1Y0 {z0} is a source of F˜ . We fix one element z˜0
in pi−1Y0 {z0}, and denote by W˜ the repelling basin of z˜0 for F˜ . Let Jz˜0 be an identity isotopy
of the identity map of M˜Y0 that fixes z˜0 and satisfies ρs(Jz˜0 , z˜0) = {1}. Let I˜∗ be a maximal
extension of ({z˜0}, Jz˜0 I˜), and F˜∗ be a transverse foliation of I˜∗.
Because MY0 is neither homeomorphic to a sphere nor to a plane, pi
−1
Y0
{z0} is not reduced to
one point, and W˜ is a proper subset of M˜Y0 . So, there exists a proper
3 leaf of F˜ . Consequently,
if we consider the end ∞ as a singularity, f˜ can be blown up at ∞ by Proposition 2.9. Note
also that ∞ is accumulated by the points of pi−1Y0 {z0}, so 0 belongs to ρs(I˜ ,∞). Therefore,
ρs(I˜ ,∞) is reduced to 0 by the assertion vii) of Proposition 2.11, and ρs(I˜∗,∞) is reduced to
−1 by the first assertion of Proposition 2.11.
We can assert that I˜∗ has finitely many fixed points. We will prove it by contradiction.
Suppose that I˜∗ fixes infinitely many points. Because ρs(I˜∗,∞) is reduced to −1, ∞ is not
accumulated by fixed points of I˜∗. Since I˜ fixes each point in pi−1Y0 {z0}, I˜∗ does not fix any
point in pi−1Y0 {z0} \ {z˜0}. We know also that z˜0 is isolated in Fix(I˜∗), because in case i) z0 is
isolated in Fix(f), and in case ii) I˜∗ has a negative rotation type by Proposition 1.2. Therefore,
there exists a non-isolated point z˜′ in Fix(I˜∗) such that z′ = piY0(z˜′) 6= z0. Moreover, z′ is a
non-isolated fixed point of f . By Proposition 2.1, there exists an extension (Y ′, I ′) of (Y0, I)
that fixes z′. Let I˜ ′ be the identity isotopy that lifts I ′|MY0 . Since pi−1Y0 (z′) is included in
Fix(I˜ ′), we have ρs(I˜ ′,∞) = 0. Therefore, I˜ ′ and J−1z˜′ I˜∗ are equivalent as local isotopies
at ∞, where Jz˜′ is an identity isotopy of the identity map of M˜Y0 that fixes z˜′ and satisfies
ρs(Jz˜′ , z˜
′) = {1}. Recall that pi1(homeo0(R2, 0)) ∼= Z (see [18] or [5]), so I˜ ′ and J−1z˜′ I˜∗ are
also equivalent as local isotopies at z˜′. Recall Remark 1.4, we get that I ′ is torsion-low at z′,
which contradicts with the assumption of this lemma.
Since ρs(I˜
∗,∞) is reduced to −1, the assertion v) of Proposition 2.11 tells us that ∞ is a
source of F˜∗.
We can assert that z˜0 is not a sink of F˜∗. We will prove it in two cases. Recall that as
local isotopies at z˜0, I˜
∗ is equivalent to Jz˜0 I˜. In case i), as local isotopies at z˜0, both I˜
∗ and
Jz˜0 I˜ are conjugate to a local isotopy at z0 that is . I ′z0 , and I ′z0 does not have a positive
rotation type, so I˜∗ does not have a positive rotation type; in case ii), as local isotopies at z˜0,
both I˜∗ and Jz˜0 I˜ are conjugate to a local isotopy at z0 that is . I ′z0 , and I ′z0 has a negative
rotation type, so I˜∗ has a negative rotation type.
3A leaf from ∞ to ∞.
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In M˜Y0 unionsq {∞}, there does not exist any closed leaf or oriented simple closed curve that
consists of leaves and singularities of F˜∗ with the orientation inherited from the orientation
of leaves. We can prove this assertion by contradiction. Let Γ be such a curve. Since ∞ is a
source of F˜∗, it does not belong to Γ. Let U be the bounded component of M˜Y0 \ Γ, then U
contains the positive or the negative orbit of a wandering open set in U \ f˜(U) or U \ f˜−1(U)
respectively. This contradicts the area preserving property of f˜ .
Then, we can give a partial order < over the set of singularities of F˜∗ such that z˜ < z˜′
if there exists a leaf or a connection of leaves and singularities with the orientation inherited
from the orientation of leaves from z˜′ to z˜. Since F˜∗ has only finitely many singularities, there
exists a minimal singularity z˜1. Moreover, F˜∗ does not have any closed leaf or a leaf from z˜1,
and hence z˜1 is a sink of F˜∗. Therefore, f˜ fixes z˜1 and hence there exists a maximal extension
(Y1, I1) of (Y0, I) such that Y0 ∪ {z1} ⊂ Y1, where z1 = piY0(z˜1).
Now, we will prove by contradiction that Y1 \ Y0 contains at least two points. Suppose
that Y1 = Y0 unionsq {z1}. Let FY1 be a transverse foliation of I1, I˜1 be the identity isotopy that
lifts I1|MY0 , and F˜1 be the lift of FY1 |MY0 to M˜Y0 . We know that (Y0, I) ∼ (Y0, I1), so the lift
of f |MY0 to M˜Y0 associated to I1|MY0 is also f˜ . The set of singularities of F˜1 is pi−1Y0 {z1}, and
z˜1 is an isolated singularity of F˜1, so it is a sink, or a source, or a saddle of F˜1 by Remark
2.6. We know that ρs(I˜
∗,∞) is reduced to −1 and that ρs(I˜1,∞) is reduced to 0, so I˜∗ and
Jz˜1 I˜1 are equivalent as local isotopies at ∞, and are equivalent as local isotopies at z˜1. By
the assumption, I1 is not torsion-low at z1, so z˜1 is a sink of F˜1, and z1 is a sink of FY1 . Let
W˜1 be the attracting basin of z˜1 for F˜1. A leaf in ∂W˜1 is a proper leaf. For every fixed point
z˜ of f˜ , there exists a loop δ that is homotopic to its trajectory along I˜1 in M˜Y0 \ pi−1Y0 {z1} (so
in M˜Y0 \ {z˜1}) and is transverse to F˜1. The linking number L(I˜1, z˜, z˜1) is the index of the
trajectory of z˜ along I˜1 relatively to z˜1, so it is equal to the index of δ relatively to z˜1. When z˜
is in W˜1, the loop δ is included in W˜1 and is transverse to F˜1, so L(I˜1, z˜, z˜1) is positive; when
z˜ is not in W˜1, it is in one of the connected component of M˜Y0 \ W˜1, and so is δ, therefore
L(I˜1, z˜, z˜1) is equal to 0. Since I˜
∗ fixes z˜0 and z˜1, the linking number L(I˜∗, z˜0, z˜1) is equal to
0. But the restriction to M˜ \ {z˜1} of I˜∗ and Jz˜1 I˜1 are homotopic, so we have
L(I˜1, z˜0, z˜1) = L(I˜
∗, z˜0, z˜1)− 1 = −1,
and find a contradiction.
Lemma 5.11. Suppose that (Y, I) is maximal in I, that I is not torsion-low at z ∈ Y , that
the connected component of M \ (Y \ {z}) containing z is homeomorphic to a plane and its
boundary in M contains at least two points of Y \{z}. If for every maximal extension (Y ′, I ′)
of (Y \ {z}, I) and every z′ ∈ Y ′ \ (Y \ {z}), I ′ is not torsion-low at z′, then there exists a
maximal extension (Y ′, I ′) ∈ I of (Y \ {z}, I) such that #(Y ′ \ (Y \ {z})) > 1.
The idea of the proof of this lemma is similar to that of Lemma 5.10. The difference is
the following: in the assumption of Lemma 5.10, the connected component of M \ (Y \ {z})
containing z is neither homeomorphic to a sphere nor to a plane; but in the assumption of
this lemma, the connected component of M \ (Y \ {z}) containing z is homeomorphic to a
plane. So we do not lift the objects to the universal covering space, but we can use different
techniques and get the same results.
Proof of Lemma 5.11. Fix a maximal (Y, I) ∈ I and z0 ∈ Y satisfying the assumptions of
this lemma. Write Y0 = Y \ {z0}, and denote by MY0 the connected component of M \ Y0
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containing z0. Then MY0 is homeomorphic to a plane and #∂MY0 > 1. As in the proof of
Lemma 5.10, since I is not torsion-low at z0, one has to consider the following four cases:
i) z0 is an isolated fixed point of f and there exists a local isotopy I
′
z0 > I at z0 which
does not have a positive rotation type;
ii) z0 is not an isolated fixed point of f and there exists a local isotopy I
′
z0 > I at z0 which
has a negative rotation type;
iii) z0 is an isolated fixed point of f and there exists a local isotopy I
′
z0 < I at z0 which
does not have a negative rotation type;
iv) z0 is not an isolated fixed point of f and there exists a local isotopy I
′
z0 < I at z0 which
has a positive rotation type.
As in the proof of Lemma 5.10, we only study the first two cases.
Let FY be a transverse foliation of I. As in the proof of Lemma 5.10, we know that z0 is
a source of FY .
Recall that MY0 is homeomorphic to a plane, and I fixes ∂MY0 and z0. Near the end ∞,
I|MY0 can be viewed as a local isotopy at ∞. When M is homeomorphic to the sphere or
the plane, by Proposition A.1, we know that I|MY0 can be blown up at ∞ and the blow-up
rotation number ρ(I|MY0 ,∞), that was defined in Section 2.3, is equal to 0; in the other
case, by conjugate I|MY0 to its lift to the universal covering space of M , we can still apply
Proposition A.1 and get the same result.
Let I∗ be a maximal extension of ({z0}, Jz0I|MY0 ), where Jz0 is an identity isotopy of the
identity map of MY0 that fixes z0 and satisfies ρs(Jz0 , z0) = {1}. Let F∗ be a transverse
foliation of I∗. In cases i) and ii), by the same argument in the proof of Lemma 5.10, we know
that z0 is not a sink of F∗.
We can assert that ∞ is a source of F∗. Indeed, when the total area of MY0 is finite,
f |MY0 is area preserving as a local homeomorphism at ∞, referring to Section 2.4, we know
that ρs(I|MY0 ,∞) is not empty and is reduced to 0 by the assertion vii) of Proposition 2.11.
Then, by the assertion i) of Proposition 2.11, ρs(I
∗,∞) is reduced to −1, and by the assertion
v) of Proposition 2.11, ∞ is a source of F∗. However, the total area of MY0 may be infinite.
In this case, we can not get the result that ρs(I|MY0 ,∞) is not empty. But in any case, we
can prove the assertion by considering the following two cases:
- Suppose that ρs(I|MY0 ,∞) is not empty. As in the case where the total area of MY0 is
finite, ρs(I|MY0 ,∞) is reduced to 0, and ρs(I∗,∞) is reduced to −1. Therefore, ∞ is a
source of F∗ by the assertion v) of Proposition 2.11.
- Suppose that ρs(I|MY0 ,∞) is empty. Since f |MY0 is area preserving, f |MY0 is not con-
jugate to a contraction or an expansion at ∞. Referring to Section 2.4, we know that
the germ of f |MY0 at ∞ is conjugate to a local homeomorphism z 7→ e
i2pi p
q z(1 + zqr)
at 0 with q, r ∈ N+ and p ∈ Z. The latter local homeomorphism can be blown up at
0, and the extension at the added circle is the counter-clockwise rotation through an
angle 2pip/q. Recall that ρ(I|MY0 ,∞) = 0, we can deduce that p ∈ qZ, and hence the
Lefschetz index i(f |MY0 ,∞) > 1. By the first assertion of Proposition 2.8, there exists a
local isotopies I0 of f at∞ such that for all locally transverse foliation F0 of I0, we have
i(F0,∞) = i(f,∞) > 1. Moreover, by Proposition 2.5, we know that ∞ is a petal or a
mixed type singularity for F0. Then, by Proposition 2.9, the blow-up rotation number
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ρ(I0,∞) = 0, and hence I|MY0 and I0 are equivalent as local isotopy at ∞. By the
second assertion of Proposition 2.8, ∞ is a source of F∗.
Then, like in the proof of Lemma 5.10, we deduce that I∗ fixes finitely many points, that
there exists a sink z1 of F∗, and that there exists a maximal extension (Y ′, I ′) ∈ I of (Y0, I)
such that Y0 ∪ {z1} ⊂ Y ′ and #(Y ′ \ Y0) > 1.
The following lemma is a consequence of the previous two lemmas.
Lemma 5.12. Let us suppose that (Y, I) is maximal in (I,-), that I is not torsion-low at
z ∈ Y . When M is a sphere, we suppose that Y \ {z} contains at least two points; and when
M is a plane, we suppose that Y \ {z} is not empty. If for every maximal extension (Y ′, I ′)
of (Y \ {z}, I) and every point z′ ∈ Y ′ \ (Y \ {z}), I ′ is not torsion-low at z′, then there exists
a maximal extension (Y ′′, I ′′) ∈ I of (Y \ {z}, I) such that #(Y ′′ \ (Y \ {z})) =∞.
Proof. Fix a couple (Y, I) maximal in (I,-) and z ∈ Y satisfying the assumptions of the
lemma. By the previous two lemmas, there exists a maximal extension (Y1, I1) of (Y \ {z}, I)
such that #(Y1 \ (Y \ {z})) > 1. If #(Y1 \ (Y \ {z})) = ∞, the proof is finished; otherwise,
we fix a point z1 ∈ Y1 \ (Y \ {z}). By hypothesis, I1 is not torsion-low at z1; the connected
component of M \ (Y1 \ {z1}) containing z1 is not homeomorphic to a sphere; and when
the connected component of M \ (Y1 \ {z1}) containing z1 is homeomorphic to a plane, its
boundary in M contains at least two points. Since a maximal extension of (Y1\{z1}, I1) is also
a maximal extension of (Y \ {z}, I), the couple (Y1, I1) and z1 ∈ Y1 satisfies the assumptions
of the previous two lemmas. We apply the previous two lemmas, and deduce that there exists
a maximal extension (Y2, I2) ∈ I of (Y1 \ {z1}, I1) such that #(Y2 \ (Y1 \ {z1})) > 1. If
#(Y2 \ (Y1 \ {z1})) = ∞, the proof is finished; if #(Y2 \ (Y1 \ {z1})) < ∞, we continue the
construction. . .
Then, either we end the proof in finite steps, or we can construct a strictly increasing
sequence
(Y \ {z}, I) ≺ (Y1 \ {z1}, I1) ≺ (Y2 \ {z2}, I2) ≺ (Y3 \ {z3}, I3) · · ·
By Proposition 2.2, there exists an upper bound (Y∞, I∞) ∈ I of this sequence, where Y∞ =
∪n≥1(Yn \ {zn}). By Theorem 2.3, there exists a maximal extension (Y ′, I ′) ∈ I of (Y∞, I∞).
It is also a maximal extension of (Y \ {z}, I), and satisfies #(Y ′ \ (Y \ {z})) =∞.
Proof of Proposition 5.6. We will prove this proposition by contradiction. Fix a maximal
element (Y, I) ∈ I and z0 ∈ Y such that I is not torsion-low at z0. When M is a sphere, we
suppose that Y \ {z} contains at least two points; and when M is a plane, we suppose that
Y \{z} is not empty. Write Y0 = Y \{z0}, and suppose that for all maximal extension (Y ′, I ′)
of (Y0, I) and z
′ ∈ Y ′ \ Y0, I ′ is not torsion-low at z′. By the previous lemma, there exists a
maximal extension (Y ′, I ′) of (Y0, I) such that #(Y ′ \ Y0) =∞.
Denote by MY0 the connected component of M \ Y0 containing z0. Let us prove by
contradiction that Y ′ \ Y0 ⊂ MY0 . Suppose that there exists z1 ∈ Y ′ \ Y0 that is in another
component of M \ Y0. Since both (Y, I) and (Y ′, I ′) are extensions of (Y0, I), the trajectory
of z1 along I and I
′ are homotopic in M \ Y0. So, the trajectory of z1 along I is homotopic
to zero in M \ Y0. When z1 /∈MY0 , its trajectory along I is in another component of M \ Y0,
this trajectory is homotopic to zero in M \ Y , which contradicts the maximality of (Y, I) by
Proposition 2.1.
Then, one has to consider two cases:
- MY0 is neither homeomorphic to a sphere nor to a plane,
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- MY0 is homeomorphic to a plane, and its boundary in M contains at least two points.
We will proof the proposition in the first case. In the second case, the proof is almost
the same except that we will not lift the isotopies and the foliations to the universal cover,
because MY0 itself is homeomorphic to a plane.
Suppose that MY0 is neither homeomorphic to a sphere nor to a plane. Let piY0 : M˜Y0 →
MY0 be the universal cover, I˜ the identity isotopy that lifts I|MY0 , I˜ ′ the identity isotopy that
lifts I ′|MY0 , and f˜ the lift of f |MY0 associated to I|MY0 . Since both I and I ′ are maximal, the
point z0 does not belong to Y
′. Moreover, f˜ is also the lift of f |MY0 associated to I ′|MY0 . In
particular, f˜ fixes every point in pi−1Y0 ({z0} ∪ Y ′ \ Y0). Fix z˜0 ∈ pi−1Y0 {z0}.
Sublemma 5.13. For every z ∈ Y ′ \Y0, there exists z˜ ∈ pi−1Y0 {z} such that z˜0 and z˜ are linked
relatively to I˜.
Proof. Let F be a transverse foliation of I, and F˜ be the lift of F|MY0 to M˜Y0 . Fix z ∈ Y ′ \Y0
and z˜ ∈ pi−1Y0 {z}. Since I is a maximal isotopy, the trajectory of z˜ along I˜ is a loop that is not
homotopic to zero in M˜Y0 \ pi−1Y0 {z0}. Let δ be a loop that is positively transverse to F˜ , and
is homotopic to the trajectory of z˜ along I˜ in M˜Y0 \ pi−1Y0 {z0}. By choosing suitable δ, we can
suppose that δ intersects itself at most finite times, that each intersection point is a double
point, and that the intersections are transverse. So, M˜Y0 \ δ has finitely many components,
and we can define a locally constant function Λ : M˜Y0 \ δ → Z such that
- Λ is equal to 0 in the component of M˜Y0 \ δ that is not relatively compact;
- Λ(z˜′) − Λ(z˜′′) is equal to the (algebraic) intersection number of δ and any arc from z˜′′
to z˜′.
This function is not constant, and we have either max Λ > 0 or min Λ < 0. Suppose that we
are in the first case (the other case can be treated similarly). Let U be a component of M˜Y0 \δ
such that Λ is equal to max Λ > 0 in U . As in Figure 2, the boundary of U is a sub-curve
U δ
δ
δ
Figure 2:
of δ with the orientation such that U is to the left of its boundary, and is also transverse to
F˜ . So, there exists a singularity of F˜ in U . Note the fact that the set of singularities of F˜
is Fix(I˜) = pi−1Y0 {z0}. So, there exists an automorphism T of the universal cover space such
that T (z˜0) belongs to U , and the index of δ relatively to T (z˜0) is positive. Note also that the
linking number L(I˜ , z˜, T (z˜0)) is equal to the index of δ relatively to T (z˜0), and hence is equal
to Λ(T (z˜0)) by definition of Λ. So, T (z˜0) and z˜ are linked relatively to I˜. Consequently, z˜0
and T−1(z˜) are linked relatively to I˜.
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As in the proof of Lemma 5.10, we know that f˜ can be blown up at ∞. Since ∞ is
accumulated by both the points in pi−1Y0 {z0} and the points in pi−1Y0 (Y ′ \Y0), both ρs(I˜ ,∞) and
ρs(I˜
′,∞) contain 0. By the assertion vii) of Proposition 2.11, both ρs(I˜ ,∞) and ρs(I˜ ′,∞) are
reduced to 0, so I˜ and I˜ ′ are equivalent as local isotopies at ∞. Therefore, for every point
z ∈ Y ′ \ Y0, there exists z˜ ∈ pi−1Y0 {z} such that z˜0 and z˜ are linked relatively to I˜ ′. Let us
denote by L the set of points z˜ ∈ pi−1Y0 (Y ′ \ Y0) such that z˜ and z˜0 are linked relatively to I˜ ′.
It contains infinitely many points.
Let γ be the trajectory of z˜0 along the isotopy I˜
′, and V be the connected component
of M˜Y0 \ γ containing ∞. Then K = M˜Y0 \ V is a compact set that contains all the fixed
points of I˜ ′ that are linked with z˜0 relatively to I˜ ′. In particular, L ⊂ K. Then, there exists
z˜′ ∈ K that is accumulated by points of L. We know that Fix(I˜ ′) is a closed set. So, z˜′
belongs to Fix(I˜ ′) = pi−1(Y ′ \Y0). We find a point z˜′ that is not isolated in pi−1Y0 (Y ′ \Y0), and
a point z′ = piY (z˜′) that is not isolated in Y ′. By Remark 1.4, I ′ is torsion-low at z′. We get
a contradiction.
Proof of Proposition 5.7. We only need to prove that there exists (X, I) ∈ I0 such that X 6= ∅,
because one knows (∅, I0) - (X, I) for all isotopy I0 from the identity to f and all (X, I) ∈ I
when M is a plane.
One has to consider the following three cases:
- Suppose that Fix(f) is reduced to one point z0. In this case, similarly to the proof of
Proposition 1.1, we can find an isotopy I0 that fixes z0 and is torsion-low at z0. Then,
({z0}, I0) belongs to I0.
- Suppose that there exists a connected component X of Fix(f) that is not reduced to
one point. By Proposition 2.4, there exists a maximal isotopy I of f that fixes all the
points in X. Because every z ∈ X is not isolated in X, I is torsion-low at x. So, (X, I)
belongs to I0.
- Suppose that Fix(f) is totally disconnected and contains at least two points. In this
case, there exists a maximal (Y, I) ∈ I such that #Y ≥ 2. If I is torsion-low at a point
in Y , the proof is finished; if I is not torsion-low at every z ∈ Y , we fix z0 ∈ Y and can
find a maximal extension (Y ′, I ′) of (Y \ {z0}, I) and z′ ∈ Y ′ \ (Y \ {z0}) such that I ′ is
torsion-low at z′ by Proposition 5.6. Consequently, ({z′}, I ′) belongs to I0.
Proof of Proposition 5.8. One knows (X, I) - (Y, I ′) for all (Y, I ′) ∈ I satisfying X ⊂ Y ,
when M is a sphere and #X ≤ 1. So, we only need to prove the following two facts:
i) there exists (X, I) ∈ I0 such that X 6= ∅;
ii) given (X, I) ∈ I0 such that #X = 1, there exists (X ′, I ′) ∈ I0 such that X $ X ′.
One has to consider the following two cases:
- Suppose that #Fix(f) = 2. In this case, we will prove that there exists an identity
isotopy that fixes both fixed points and is torsion-low at each fixed point, which implies
both i) and ii).
Denote by N and S the two fixed points. Since both N and S are isolated fixed points,
we can find an identity isotopy I that fixes both N and S and is torsion-low at S. We
will prove that I is also torsion-low at N .
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Let JN (resp. JS) be an identity isotopy of the identity map of the sphere that fixes
both N and S and satisfies ρs(JN , N) = {1} (resp. ρs(JS , S) = {1}). One knows that
JN and J
−1
S are homotopic relatively to {N,S}.
For every k ≥ 1, since I is torsion-low at S, J−kS I has a negative rotation type as a
local isotopy at S. Let Fk be a transverse foliation of J−kS I. By the first statement of
Proposition 1.1, one knows that S is a source of Fk. Since f is area preserving and Fk
has exactly two singularities, N is a sink of Fk. Note the fact that the restrictions to
M \ {S,N} of JkNI and J−kS I are homotopic. So, JkNI has a positive rotation type as a
local isotopy at N .
Similarly, for every k ≥ 1, J−kN I has a negative rotation type as a local isotopy at N .
Therefore, I is torsion-low at N .
- Suppose that #Fix(f) ≥ 3.
We can prove i) by a similar discussion to the second part and the third part of the
proof of Proposition 5.7. Alternatively, we give the following direct proof. Fix a maximal
(Y, I) ∈ I such that #Y ≥ 3. If Y is infinite, there exists a point z ∈ Y that is not
isolated in Y , and hence I is torsion-low at z. If Y is finite, we consider a transverse
foliation of I and know that there is a saddle singulary point z of F by the Poincare´-
Hopf formula, Proposition 2.5 and Remark 2.6, so I is torsion-low at z. In both cases,
there exists z ∈ Y such that ({z}, I) ∈ I0.
To prove ii), we fix (X, I) ∈ I0 such that X contains only one point, and denote this
fixed point by S. For a maximal extension (Y, I ′) of (X, I) that is torsion-low at S, if
I ′ is torsion-low at another fixed point, we get the result; if I ′ fixes at least three fixed
point and is not torsion-low at any fixed point except S, we apply Proposition 5.6 and
can find another maximal extension of (X, I) that is torsion-low at another fixed point
and is equivalent to I ′ as local isotopies at S. So, we only need to prove that there
exists a maximal extension (Y, I ′) of (X, I) that is torsion-low at S and satisfies one of
the following two condition: I ′ is torsion-low at another fixed point or #Y ≥ 3.
Fix a maximal extension (Y, I ′) ∈ I of (X, I) such that ρs(I ′, S) = ρs(I, S). Of course,
I ′ is torsion-low at S. If #(Y \ X) ≥ 2, we finish the proof. Now, we suppose that
Y = {S,N}. By the maximality of (Y, I ′), S is not accumulated by contractible fixed
points of f associated to I ′, and hence I ′ has either a positive or a negative rotation
type at S. We suppose that I ′ has a positive rotation type, the proof in the other case
is similar.
Let JS be the isotopy of the identity that fixes S and N and satisfies ρs(JS , S) = {1}.
We consider a maximal extension I ′′ of (Y, J−1S I
′). Since I ′ is torsion-low at S, S is
either accumulated by contractible fixed points of f associated to I ′′ or has a negative
rotation type. In the first case, I ′′ is torsion-low at S and satisfies #Fix(I ′′) ≥ 3; in
the second case, I ′′ is still torsion-low at S. In both case, I ′′ is torsion-low at S. If
#Fix(I ′′) ≥ 3, we finish the proof.
Now we suppose that I ′′ has a negative rotation type at S and Fix(I ′′) = Y = {N,S},
we will finish the proof by proving that both I ′ and I ′′ is torsion-low at N . Let F ′ be
a transverse foliation of I ′ and F ′′ a transverse foliation of I ′′. Then, S is a sink of F ′
and is a source of F ′′. So, N is a source of F ′ and is a sink of F ′′. Therefore, I ′ has
a negative rotation type at N , I ′′ has a positive rotation type at N . Recall that I ′′ is
a maximal extension of (Y, J−1S I
′) ∼ (Y, JNI ′), where JN be the isotopy of the identity
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that fixes S and N and satisfies ρs(JN , N) = {1}. So, both I ′ and I ′′ are torsion-low at
N .
Remark 5.14. In our proof, we consider first a maximal extension I ′ of (X, I) that satisfies
ρs(I
′, S) = ρs(I, s). When I ′ is not a “good” one, we construct another identity isotopy I ′′
to get the result. Even though ρs(I, S) and ρs(I
′′, S) are different, I ′′ is still an extension of
(X, I) because M is a sphere and X is reduced to a single point. It gives an explanation why
we exclude the case that M is a sphere and X is reduced to a single point in Remark 5.2.
We finish the section by proving Proposition 1.9.
Proof of Proposition 1.9. Let f be an area preserving homeomorphism of M that is isotopic
to the identity and has finitely many fixed points. When Fix(f) is empty, the proposition is
trivial. So, we suppose that Fix(f) is not empty. Let
n = max{#Fix(I) : I is an identity isotopy of f}.
One has to consider the following three cases:
- Suppose that M is a plane and f has exactly one fixed point. As in the first part of the
proof of Proposition 5.7, there exists an identity isotopy that fixes this fixed point and
is torsion-low at this fixed point.
- Suppose that M is a sphere and f has exactly two fixed points. As in the first part of
the proof of Proposition 5.8, there exists an identity isotopy that fixes these two fixed
points and is torsion-low at each fixed point.
- Suppose that we are not in the previous two cases. Let I be the set of identity isotopies
of f with n fixed points. It is not empty. We can give a preorder C over I such that
I C I ′ if and only if
#{z ∈ Fix(I), I is torsion-low at z} ≤ #{z ∈ Fix(I ′), I ′ is torsion-low at z}.
Since #{z ∈ Fix(I), I is torsion-low at z} is not larger than n for all I ∈ I, I has a
maximal element. Fix a maximal element I of I. We will prove by contradiction that I
is torsion-low at every z ∈ Fix(I).
Suppose that I is not torsion-low at z0 ∈ Fix(I). Write Y0 = Fix(I) \ {z0}. By
Proposition 5.6, there exist a maximal extension I ′ of (Y0, I) and z′ ∈ Fix(I ′) \ Y0 such
that I ′ is torsion-low at z′. This contradicts with the maximality of I in (J,C).
6 Examples
Example 1. (An orientation and area preserving homeomorphism whose local rotation set
is reduced to ∞)
Let f be the homeomorphism of C defined by
f(z) =
{
0 for z = 0,
zei2pi/|z| for z 6= 0.
It is area preserving and fixes 0. Moreover, ρs(I, 0) is reduced to +∞ for every isotopy I of
f fixing 0.
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Example 2. (Example of Remark 1.7)
We will construct an orientation preserving diffeomorphism f of the sphere with 2 fixed
points such that f is area preserving in a neighborhood of each fixed point but there exists
no torsion-low maximal isotopy of f .
Let ϕ be a diffeomorphism of [0, 1] that satisfies{
ϕ(y) = y for y ∈ [0, 1/6] ∪ [5/6, 1],
ϕ(y) < y for y ∈ (1/6, 5/6).
Let g be a diffeomorphism of R× [0, 1] that is defined by
g(x, y) = (x+ 3y, ϕ(y)).
We define an equivalence relation ∼ on R× [0, 1] such that
(x, y) ∼ (x+ 1, y) for all (x, y) ∈ R× (0, 1),
(x, 0) ∼ (x′, 0) for all x, x′ ∈ R,
(x, 1) ∼ (x′, 1) for all x, x′ ∈ R.
Then, R×[0, 1]/∼ is a sphere, and g descends to a diffeomorphism f of the sphere that has two
fixed points and is area preserving near each fixed point. Note the facts that every maximal
isotopy I fixes both fixed points of f , that the rotation number of I at each fixed point is an
integer, and that the sum of the rotation numbers of I at both fixed point is 3. By the last
statement of Proposition 1.5, there does not exist any torsion-low maximal isotopy of f .
Example 3. (Example of Remark 1.11)
We will construct an orientation and area preserving diffeomorphism of the sphere such
that there does not exist any maximal isotopy I satisfying
−1 < ρ(I, z) < 1, for every z ∈ Fix(I).
Let g be a diffeomorphism of R× [0, 1] that is defined by
g(x, y) = (x+ y, y).
We define an equivalence relation ∼ on R × [0, 1] as in Example 2. Then, we get a sphere.
and g descends to an orientation and area preserving diffeomorphism f of the sphere that has
exactly two fixed points. Note the facts that every maximal isotopy I fixes both fixed points
of f , that the rotation number of I at each fixed point is an integer, and that the sum of the
rotation numbers of I at both fixed point is 1. So, there does not exist any maximal isotopy
I such that for all z ∈ Fix(I),
−1 < ρ(I, z) < 1.
Example 4. (Example of Remark 5.2)
In this example, we will construct an isotopy I∗ on the sphere such that I∗ is torsion-low
at a fixed point z, but there does not exist any torsion-low maximal isotopy that is equivalent
to I∗ as a local isotopy at z.
We will induce the isotopy by generating functions (see Appendix B).
Let ϕ be a smooth 1-periodic function on R that satisfies
ϕ(0) = ϕ(3/4) = ϕ(1) = 0 and |ϕ| ≤ 1
2pi
,
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{
ϕ(s) > 0 for 0 < s < 3/4
ϕ(s) < 0 for 3/4 < s < 1
, and
∫ 1
0
ϕ(s)ds = 0,
|ϕ(s)| < s sin2 pi
s
for 3/4 < s < 1.
Let
g(x, y) =

0 for y ≤ 0,∫ y
0 (s sin
2 pi
s + ϕ(s) sin
2 pix)ds for 0 < y < 1,∫ 1
0 s sin
2 pi
s ds for y ≥ 1.
Then, g is constant on R× (−∞, 0] and on R× [1,∞) respectively, and satisfies g(x+ 1, y) =
g(x, y). Moreover, one knows that
∂212g(x, y) =
{
0 for y ≤ 0 or y ≥ 1,
piϕ(y) sin(2pix) for 0 < y < 1.
So, ∂212g ≤ 12 < 1. Therefore, g defines an identity isotopy I = (ft)t∈[0,1] by the following
equations:
ft(x, y) = (X
t, Y t)⇔
{
Xt − x = t∂2g(Xt, y),
Y t − y = −t∂1g(Xt, y),
For every t ∈ [0, 1], ft is the identity on R× (−∞, 0] ∪R× [1,∞), and satisfies ft(x+ 1, y) =
ft(x, y) + (1, 0). Moreover, for every t ∈ (0, 1], a point (x, y) is a fixed point of ft if and only
if it is a critical point of g. Let F be the foliation whose leaves are the integral curves of the
gradient vector field (x, y) 7→ (∂1g(x, y), ∂2g(x, y)) of g. As will be proved in Appendix B, F
is a transverse foliation of I.
We know that
∂1g(x, y) =
{
0 for y ≤ 0 or y ≥ 1,
pi sin(2pix)
∫ y
0 ϕ(s)ds for 0 < y < 1,
and that
∂2g(x, y) =
{
0 for y ≤ 0 or y ≥ 1,
y sin2 piy + ϕ(y) sin
2(pix) for 0 < y < 1.
So, the set of critical points of g is
C = {(n, 1
m
) : n ∈ Z,m ∈ N} ∪ R× (−∞, 0] ∪ R× [1,∞),
and one deduces that ∂2g(x, y) > 0 for (x, y) /∈ C.
We define an equivalence relation ∼ on R2 by
(x, y) ∼ (x′, y′) for y, y′ ≤ 0,
(x, y) ∼ (x+ 1, y) for 0 < y < 1,
(x, y) ∼ (x′, y′) for y, y′ ≥ 1.
Then, R2/∼ is a sphere, f1 descends to an area preserving homeomorphism f ′ of the sphere,
I descends to an identity isotopy I ′ of f ′, and F descends to a transverse foliation F ′ of
I ′. Moreover, one knows that Fix(I ′) = Fix(f ′) = Sing(F ′), where Sing(F ′) is the set of
singularities of F ′. We denote by S and N the two points R× (−∞, 0]/ ∼ and R× [1,∞)/ ∼
in the sphere respectively.
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Figure 3: A sketch map of F ′
The fixed point S is not isolated in Fix(I ′), and clearly f ′ can be blown up at S, so
ρs(I
′, S) is reduced to 0; N is isolated in Fix(f ′) and is a sink of F ′; and all the other fixed
points of f ′ are isolated in Fix(f ′) and are saddles of F ′. Let I∗ be an identity isotopy of f ′
fixing S such that ρs(I
∗, S) is reduced to −1. Recall Remark 1.4, I∗ is torsion-low at S. We
will prove that there does not exist any torsion-low maximal isotopy I ′′ such that ρs(I ′′, S) is
reduced to −1.
Indeed, a maximal isotopy of f ′ fixes either all the fixed points of f ′ (in which case, the
isotopy is homotopic to I ′ relatively to Fix(f ′)) or exactly two fixed points. If I ′′ is a maximal
isotopy of f such that ρs(I
′′, S) is reduced to −1, then I ′′ fixes exactly two fixed points.
Denote by {S, z1} the set of fixed points of I ′′. One knows that z1 is an isolated fixed point
of f ′, and that J−1z1 I
′′ is equivalent to I ′ as local isotopies at z1. Therefore, J−1z1 I
′′ does not
have a negative rotation type at z1, and hence I
′′ is not torsion-low at z1.
Example 5. (Example of Remark 5.3)
In this example, we will construct an orientation and area preserving homeomorphism f of
the sphere without isolated fixed points. However, we will show that for any maximal isotopy
I of f , Fix(I) contains isolated point.
Let g be a homeomorphism on R× [0, 1] that is defined by
g(x, y) =

(x, y) for 0 ≤ y ≤ 13 ,
(x+ 3y − 1, y) for 13 < y ≤ 23 ,
(x+ 1, y) for 23 < y ≤ 1.
Like in Example 2, we define an equivalence relation ∼ on R× [0, 1], and get a sphere as the
quotient space. Moreover, g descends to an orientation and area preserving diffeomorphism f
of the sphere that has infinitely many fixed points, and every fixed point of f is not isolated
in Fix(f). We will prove for every maximal isotopy I of f , Fix(I) contains an isolated point.
Denote by N and S the two components of Fix(f) respectively. Let us observe the prop-
erties of any maximal isotopy of f . Indeed, if I is a maximal isotopy of f , it satisfies one of
the following properties:
- The set of fixed points of I is the union of N (resp. S) and a point z in S (resp. N).
In this case, z is isolated in Fix(I);
- The set of fixed points of I is the union of a point z1 in N and a point z2 in S. In this
case, both z1 and z2 are isolated in Fix(I);
- The set of fixed points of I is a subset of N (resp. S) with exactly two points z1 and
z2. In this case, both z1 and z2 are isolated in Fix(I).
In any case, Fix(I) contains an isolated point.
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A Prime-ends compactification and rotation number
Let f : R2 → R2 be an orientation and area preserving homeomorphism and U ( R2 be
a topological disk that is invariant under f . We will study the dynamics of f |∂U near the
boundary ∂U .
On one hand, we consider the one point campactification of U and can get a homeomor-
phism of a sphere. To avoid too many notations, we will still denote the point added by
∂U . On the other hand, by Carathe´odory’s prime-ends theory (see [7] for example), we can
compactify U by adding a circle S1 on the boundary and extend f |U continuously to the
boundary. So we get a blow-up of f |U at the point (the end) ∂U . We define the prime-end
rotation number ρ(f, ∂U) of f at ∂U to be the Poincare´’s rotation number (∈ R/Z) of the
homeomophism on the boundary S1. In particular, if ∂U ⊂ Fix(f), then ρ(f, ∂U) = 0 ∈ R/Z
([7, Propositions 3.6 and Proposition 5.7 ]).
Moreover, let I = (ft)t∈[0,1] be an isotopy from the identity to f . We will prove the
following result:
Proposition A.1. If I fixes every point of ∂U and a point z0 in U , then
i) for all t ∈ [0, 1], the extension of ft to S1 is the identity map;
ii) the blow-up rotation number ρ(I, ∂U) = 0 ∈ R.
Remark A.2. The condition that I fixes a point in U is to make sure that it is a local isotopy
at ∂U .
We will mainly follow the idea in [7]. Before proving the proposition, we will recall some
definitions and results (also in [7]).
An end-cut of U is an arc γ : [0, 1)→ U such that lims→1− γ(s) is a point in ∂U . A point
z ∈ ∂U is accessible (from U) if it is the endpoint of some end-cut in U . Note that accessible
points are dense in ∂U . A cross-cut of U is a simple arc γ : (0, 1) → U joining two points
of ∂U such that each of the two components of U \ γ has a boundary point in ∂U different
from the endpoints of γ. A cross-section of U is any connected component of U \ γ for some
cross-cut γ. A chain for U is a sequence (Dn)n of cross-sections such that Di ⊂ Dj for all
i ≥ j and ∂UDi ∩ ∂UDj = ∅ for all i 6= j. We say that a chain (Dn)n divides a cross-section
D if Di ⊂ D for all sufficiently large i. We say that a chain (Dn)n divides a chain (D′n)n if
(Dn)n divides D
′
m for all m. Two chains (Dn)n and (D
′
n)n are equivalent if (Dn)n divides
(D′n)n and (D′n)n divides (Dn)n. A chain (Dn)n is prime if it divides (D′n)n whenever (D′n)n
is a chain that divides it. An equivalence class of prime chains is called a prime-end of U .
We say that a prime-end divides a cross-section D if one of its representative divides D.
We topologize the set of all prime-ends of U , together with U , by defining a basis of open
sets consists of all the set with the form Dunionsq{the prime-ends divide D} for some cross-section
D, together with the open subset of U . With the topology, the set of all prime-ends of U ,
together with U , is homeomorphic to a closed disk. We will denote it by U unionsq S1. We say
that a prime-end p ∈ S1 is accessible if there is an end-cut γ such that γ(t)→ p in U unionsq S1 as
t→ 1−. Note that accessible prime-ends are dense in S1.
Proof of the first part of Proposition A.1. We will prove the result for f (for ft, the proof is
similar). We use the same notation f for the extension of f |U to U unionsq S1.
We will prove the result by contradiction. Suppose that f |S1 is not the identity, then there
exists an interval I ⊂ S1 such that f(I) ∩ I = ∅. By the density of accessible prime-ends, we
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can choose p ∈ I and an end-cut γ such that the end of γ in S1 is p. We denote by z1 the end
of γ in ∂U .
Because ρ(f, ∂U) = 0 ∈ R/Z (Proposition 5.7 of [7]), f2(p) 6= p. By choosing γ “short”
enough, we can suppose that γ, f(γ) and f2(γ) are pairwise disjoint. Let I1 ⊂ S1 be the
closed interval bounded by p and f(p) such that f2(p) /∈ I1. Then I1 ∩ f(I1) = {f(p)}. We
join γ(0) and f(γ(0)) by a simple arc η and get a simple arc σ = γ∪η∪f(γ). Since σ extends
in S1 to two different points p and f(p), it separates U to two open topological disks. We
denote by D1 the one bounded by I1 ∪ σ in U unionsq S1, and by D2 the other one (see Figure 4).
Recall that f(I1) ∩ I1 = {f(p)}. So, for each “short” enough end-cut γ′ in D1, f(γ′) ⊂ D2.
On the other hand, we consider D1 ⊂ U ⊂ R2. Recall that both ends of σ extends in
∂U ⊂ R2 to z1. So, σ ∪ {z1} is a simple loop in R2, and separates R2 to two components. We
denote by C1 the component containing D1, and by C2 the component containing D2.
We will deduce that C1 ∩ ∂U = ∅, which means C1 = D1. In fact, if C1 ∩ ∂U 6= ∅, by the
density of accessible points, there exists an end-cut γ′ ⊂ D1 ⊂ C1 whose end in ∂U is a point
z2 6= z1. By choosing γ′ “short” enough, we get f(γ′) ⊂ D1. we get a contradiction.
p
f (p)
f 2(p)
D1
D2
σ
(a) On U unionsq S1
σ
D1
D2
(b) On R2
Figure 4:
Now, we know that all the end-cuts in D1 extend to z1 in ∂U . It means that there is no
cross-section in D1. Recall the topology of U unionsq S1, we get a contradiction.
Poof of the second part of Proposition A.1. Let us consider a universal cover pi : R2− → U unionsq
S1 \ {z0} and the natural lift (f˜t)t∈[0,1] of (ft)t∈[0,1] to R2−. We know that ft|S1 is the identity
and f˜0 is the identity. We will prove that for each k ∈ Z, {t ∈ [0, 1] : f˜t(x, 0) = (x + k, 0)}
is an open subset of [0, 1], and hence for all t ∈ [0, 1], the restriction of f˜t to R × {0} is the
identity. It implies ρ(I, ∂U) = 0 ∈ R.
Fix t0 ∈ [0, 1], and suppose that f˜t0(x, 0) = (x+ k, 0).
Choose two different accessible points z1, z2 ∈ ∂U , and an end-cut γ1 ⊂ U that extends
to z1 ∈ ∂U . We can extend γ1 and get an arc in U that joining z0 to z1. We still denote it
by γ1. By choosing γ1 properly, we can suppose that it is a simple arc. Since z2 is a fixed
point of ft0 , there exist δ > 0 and a neighborhood V of z2 ∈ R2 such that for all |t− t0| < δ,
ft(V ) ∩ {γ1} = ∅. Choose an end-cut γ2 ⊂ V that extends to z2 ∈ ∂U .
Denote by p1 ∈ S1 one end point of γ1. The lifts of γ1∪{p1} to R2− are infinitely many arcs
from R×{0} to the infinity and separate R2− into infinitely many components. We choose one
component and denote it by C˜0. We denote by C˜k = C˜0 + (k, 0), which is still a component
of pi−1(U unionsq S1 \ (γ1 ∪ {p1, z0})).
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Denote by p2 ∈ S1 the end point of γ2, and p˜2 ∈ C˜0 one lift of p2. Let γ˜2 ⊂ C˜0 be one lift of
γ2. We know that f˜t0(p˜2) = p˜2 + (k, 0), and hence f˜t0(γ˜2) ⊂ C˜k. Recall that ft(V )∩ {γ1} = ∅
and γ2 ⊂ V . By the continuity of (f˜t|U )t∈[0,1] with respect to t, we know that for |t− t0| < δ,
f˜t(γ˜2) ⊂ C˜k and hence f˜t(p˜2) = p˜2 + (k, 0). Noting that ft is the identity map on S1, we must
have f˜t(x, 0) = (x+ k, 0) for all x ∈ R.
B Construction of a transverse foliation from the generating
function
Let f be a diffeomorphism of R2 and g : R2 → R be a C2 function. We call g a generating
function4 of f if ∂212g < 1, and if
f(x, y) = (X,Y )⇔
{
X − x = ∂2g(X, y),
Y − y = −∂1g(X, y).
Every C2 function g : R2 → R satisfiying ∂212g ≤ c < 1 defines a diffeomorphism f of R2 by
the previous equations; on the other side, for every area preserving diffeomorphism f of R2
satisfying 0 < ε ≤ ∂1(p1 ◦ f) ≤M <∞, where p1 is the projection onto the first factor, there
exists a generating function of f . Moreover, the Jacobian matrix Jf of f is equal to
1
1− ∂212g(X, y)
(
1 ∂222g(X, y)
−∂211g(X, y) −∂211g(X, y)∂222g(X, y) + (1− ∂212g(X, y))2
)
.
Since det Jf = 1, the diffeomorphism f is orientation and area preserving. A point (x, y) is a
fixed point of f if and only if it is a critical point of g. We can naturally define an identity
isotopy I = (ft)t∈[0,1] of f such that ft is generated by tg. Precisely, the diffeomorphisms ft
are defined by the following equations:
ft(x, y) = (X
t, Y t)⇔
{
Xt − x = t∂2g(Xt, y),
Y t − y = −t∂1g(Xt, y).
In this section, we suppose that f is a diffeomorphism of R2, and that g is a gener-
ating function of f . We will construct a transverse foliation of I. More precisely, de-
note by F the foliation whose leaves are the integral curves of the gradient vector field
(x, y) 7→ (∂1g(x, y), ∂2g(x, y)) of g, we will prove the following result:
Theorem B.1. The foliation F is a transverse foliation of I.
Proof. We will prove the theorem by constructing an identity isotopy I ′ of f that is homotopic
to I relatively to Fix(f) and satisfies that for every z ∈ R2 \Fix(f), the trajectory of z along
I ′ is positively transverse to F .
We define I ′ = (f ′t)t∈[0,1] by the following equations:
f ′t(x, y) =
{
(x, y) + 2t(X − x, 0) for 0 ≤ t ≤ 1/2,
(X, y) + (2t− 1)(0, Y − y) for 1/2 ≤ t ≤ 1,
where (X,Y ) = f(x, y).
4Our definition of generating function is indeed the same as the one in Section 9.2 of [19]. We can get all
the statements in this paragraph by repeating their proofs.
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Lemma B.2. One can verify that I ′ is an identity isotopy of f .
Proof. We know that ∂1X(x, y) = 1/(1− ∂212g(X, y)) > 0. By computing the determinant of
the Jacobian matrix of f ′t , we know that detJf ′t > 0 for every t ∈ [0, 1]. To prove that I ′ is
an isotopy, we only need to check that f ′t is a bijection for every t ∈ (0, 1).
For t ∈ (0, 12), write f ′t(x, y) = (ϕt,y(x), y). One deduces
∂
∂x
ϕt,y(x) = 2t∂1X(x, y) + (1− 2t) ≥ 1− 2t > 0.
So, f ′t is a bijection.
For t = 12 , f
′
1/2(x, y) = (X, y). We have ∂1X(x, y) > 0, so f
′
1/2 is an injection. Recall that
X − x = ∂2g(X, y), so x = X − ∂2g(X, y), f ′1/2 is a surjection.
For t ∈ (12 , 1), write f ′t(x, y) = (X,ψt,X(y)). One deduces
∂
∂y
ψt,X(y) = 1− (2t− 1)∂212g(X, y) > 2− 2t > 0.
So, (X, y) 7→ (X,ψt,X(y)) is a bijection, and hence f ′t is a bijection.
By definition, we know Fix(I) = Fix(I ′) = Fix(f). If Fix(f) is empty or contains more
than one point, we know that (Fix(f), I) ∼ (Fix(f), I ′), and hence a transverse foliation of I ′
is also a transverse foliation of I; if Fix(f) is reduced to one point, we can deduce the same
result by the following lemma and the fact that pi1(homeo0(R2, 0)) ∼= Z.
Lemma B.3. If 0 is an isolated fixed point of f , one can deduce that ρ(I, 0) = ρ(I ′, 0) ∈
[−1, 1].
Proof. Let θ : [0, 1] → R and θ′ : [0, 1] → R be the continuous functions that satisfies
θ(0) = θ′(0) = 0 and
Jft(0)
(
1
0
)
‖Jft(0)
(
1
0
)
‖
=
(
cos θ(t)
sin θ(t)
)
,
Jf ′t(0)
(
1
0
)
‖Jf ′t(0)
(
1
0
)
‖
=
(
cos θ′(t)
sin θ′(t)
)
.
To simplify the notations, we write
Hess(g)(0) =
(
%, σ
σ, τ
)
.
One knows
Jft(0)
(
1
0
)
=
1
1− tσ
(
1
−t%
)
.
Because 1− tσ > 0 for all t ∈ [0, 1], we deduce that θ(t) belongs to (−pi2 , pi2 ) for all t ∈ [0, 1].
For t ∈ [0, 12 ],
Jf ′t(0)
(
1
0
)
=
(
(1− 2t) + 2t∂1X(0, 0)
0
)
,
and (1− 2t) + 2t∂1X(0, 0) > 0. So θ′(t) is equal to 0 for all t ∈ [0, 12 ].
For t ∈ [12 , 1],
Jf ′t(0)
(
1
0
)
=
(
∂1X(0, 0)
(2t− 1)∂1Y (0, 0)
)
,
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and ∂1X(0, 0) > 0. So θ
′(t) belongs to (−pi2 , pi2 ) for all t ∈ [12 , 1].
Therefore, we deduce that θ(1) = θ′(1) ∈ (−pi2 , pi2 ), and hence ρ(I, 0) = ρ(I ′, 0) ∈ [−1, 1].
Next, we show that I ′ intersects F positively transverse.
Lemma B.4. For every z = (x, y) that is not a fixed point of f , the path γz : t 7→ f ′t(x, y) is
positively transverse to F .
F
0
z
f(z)
ft(z)
γz
Figure 5: The dynamics and foliation generated by g(x, y) = x2 + y2
Proof of Lemma B.4. To prove the positive transversality, the rough idea is to calculate the
determinate of the matrix formed by two vectors tangent respectively to the curve γz and to
the leaf at the intersecting point.
For t ∈ [0, 1/2],
det
(
2(X − x) ∂1g(f ′t(x, y))
0 ∂2g(f
′
t(x, y))
)
=2(X − x)∂2g(f ′t(x, y))
=2(X − x)∂2g(2tX + (1− 2t)x, y)
=2(X − x)[∂2g(X, y) + (2t− 1)(X − x)∂212g(ξ, y)]
=2(X − x)2[1− (1− 2t)∂212g(ξ, y)] ≥ 0,
where ξ is a real number between x and X, and the inequality is strict if X 6= x.
For t ∈ [1/2, 1], similarly, we have
det
(
0 ∂1g(f
′
t(x, y))
2(Y − y) ∂2g(f ′t(x, y))
)
= 2(Y − y)2[1− (2t− 1)∂212g(X, η)] ≥ 0,
where η is a real number between y and Y , and the inequality is strict if Y 6= y.
Since z is not a fixed point, either X 6= x or Y 6= y. If both inequalities are satisfied,
γz intersects F positively transversely; if X 6= x and Y = y, γz|t∈[0, 1
2
] intersects F positively
transversely, and γz|t∈[ 1
2
,1] is reduced to a point; if X = x and Y 6= y, γz|t∈[0, 1
2
] is reduced to
a point, and γz|t∈[ 1
2
,1] intersects F positively transversely.
Since I and I ′ are homotopic relatively to Fix(f) = Fix(I) = Fix(I ′), and F is a transverse
foliation of I ′, F is also a transverse foliation of I.
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